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Abstract. This note contains the missing proofs from the pub-
lication [1].
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1. Introduction

For a finite subset A of a field K, we define MnpAq to be the set of
n ˆ n matrices with entries from A.

Further, define the subset of matrices in MnpAq with a given char-
acteristic polynomial f P KrT s,

(1.1) PnpA; fq “ tX P MnpAq : detpTIn ´ Xq “ fu.

Let K be a field of characteristic zero, Γ a rank ρ subgroup of the
multiplicative group K˚, and cA a finite subset of Γ. In the article
[1] by the present author and collaborators, we give bounds on the
cardinality of PnpA; fq in in this setting, asymptotically with respect
to A “ #A. The corresponding result [1, Theorem 2.4] is reproduced
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below as Theorem 1.1, and refers to the function

αpnq “
npn ´ 1q

2
` max

#

Z

n ´ 1

2

^

`

Z

npn ´ 1q

4

^

,

Yn

2

]

`

Z

npn ´ 1q

4
´

1

2

^

+

.

(1.2)

Theorem 1.1. Let K be a field of characteristic zero, and Γ a rank
ϱ subgroup of K˚. For any monic polynomial f of degree n ě 3, and
A Ď Γ of finite cardinality A, we have

#PnpA; fq “ OpAαpnqq

where αpnq is given by (1.2), and the implied constant may depend on
n and ϱ.

As mentioned in [1, Remark 2.5], tighter bounds which depend on
the coefficients of T n´1 and T n´2 of f P KrT s can be given. It is also
the case that, for dimensions n, tighter bounds can be obtained in the
case K “ R.

For brevity, the proofs of these claims were omitted from the original
article. The purpose of this note is to provide the details omitted from
those proofs.

2. Proofs From [1, Appendix B]

2.1. Results. We begin by restating the results from [1, Appendix B]
which we prove.

It is convenient to define

(2.1) βpnq “
3

4
n2 ´

1

4
n.

We first have [1, Theorem B.1], given below.

Theorem 2.1. Let K be a field of characteristic zero, and Γ a rank ϱ
subgroup of K˚. For any monic polynomial f “

řn
k“0 ckT

k P KrT s of
degree n ě 3, and A Ď Γ of finite cardinality A, we have

#PnpA; fq ! Aβpnq ¨

$

’

&

’

%

A´λpnq, cn´1 “ cn´2 “ 0,

A´µpnq, cn´1 “ 0 and cn´2 ‰ 0,

A´νpnq, cn´1 ‰ 0,
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where βpnq is given by (2.1) and furthermore

λpnq “

$

’

&

’

%

1, n ” 0, 3 pmod 4q,

3{2, n ” 1 pmod 4q and n ‰ 5,

1{2, n ” 2 pmod 4q or n “ 5,

µpnq “

#

1, n ” 0, 3 pmod 4q,

1{2, n ” 1, 2 pmod 4q,

and

νpnq “

$

’

&

’

%

1, n ” 0, 3 pmod 4q,

1{2, n ” 1 pmod 4q,

3{2, n ” 2 pmod 4q.

Reproduced below is [1, Theorem B.2], which we also prove here.

Theorem 2.2. Suppose Γ is a rank ϱ subgroup of R˚ and n ě 3 with
n ” 0, 1 pmod 4q. For any monic polynomial f “

řn
k“0 ckT

k P RrT s of
degree n and A Ď Γ of finite cardinality A, we have

‚ if cn´1 ‰ 0 and 2cn´2 “ c2n´1,

#PnpA; fq ! Aβpnq ¨

#

A´2, n ” 0 pmod 4q,

A´3{2, n ” 1 pmod 4q,

where βpnq is given by (2.1);
‚ if cn´1 “ cn´2 “ 0 and n “ 5,

#P5pA; fq ! Aβp5q´3{2.

2.2. Setup from the existing proof. To avoid reproducing the com-
mon parts of the argument, we describe here the point of the proof
of [1, Theorem 2.4] from which we continue.

The proof of [1, Theorem 2.4] proceeds by providing an upper bound
on the set of matricesX “ pxi,jq

n
i,j“1 P MnpAq for which the coefficients

cn´1 and cn´2 of the characteristic polynomial

f “ detpTIn ´ Xq “

n
ÿ

k“0

ckT
k,

are fixed.
Given that

(2.2) cn´1 “ ´ trX and cn´2 “
1

2
pptrXq2 ´ trX2q,

it is equivalent (up to a constant) to fix t1 “ trX and t2 “ trX2.
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As in the proof of [1, Theorem 2.4], from the identities

(2.3) t1 “

n
ÿ

i“1

xi,i,

and
t2 “

n
ÿ

i“1

x2i,i ` 2
ÿ

1ďiăjďn

xi,jxj,i,

one obtains

(2.4) 1

2

ˆ

t2 ´

n
ÿ

i“1

x2i,i

˙

“
ÿ

1ďiăjďn

xi,jxj,i.

At this point the cases split depending on whether

(2.5) t2 “

n
ÿ

i“1

x2i,i

holds, where, in the case that it does, the number of matrices of fixed
trace and traced squared is bounded by

(2.6) ABC ! A
npn´1q

2
`tnpn´1q

4 u ¨

#

At 2n
5 u, pt1, t2q “ p0, 0q,

Atn´1
2 u, otherwise,

and in the case where (2.5) does not hold, it is bounded by

(2.7) ADE ! A
npn´1q

2
`tnpn´1q

4
´ 1

2u ¨

#

Atn
2 u, t1 “ 0,

Atn´1
2 u, t1 ‰ 0.

Our proofs continue with this set up in mind.

2.3. Proof of Theorem 2.1.
Proof. As in the proof of [1, Theorem 2.4] (Theorem 1.1 here), we split
into cases depending on whether (2.5) holds, with the bounds (2.6)
and (2.7) in the case it does and does not respectively.

We define the functions

δpnq “

Z

2n

5

^

`
npn ´ 1q

2
`

Z

npn ´ 1q

4

^

,

θpnq “

Z

n ´ 1

2

^

`
npn ´ 1q

2
`

Z

npn ´ 1q

4

^

,

γpnq “

Yn

2

]

`
npn ´ 1q

2
`

Z

npn ´ 1q

4
´

1

2

^

,

and ωpnq “

Z

n ´ 1

2

^

`
npn ´ 1q

2
`

Z

npn ´ 1q

4
´

1

2

^

,
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for each of the four bounds which appear in (2.6) and (2.7), such that
we may rewrite (2.6) and (2.7) as

ABC !

#

Aδpnq, t1 “ t2 “ 0,

Aθpnq, otherwise,
and ADE !

#

Aγpnq, t1 “ 0,

Aωpnq, t1 ‰ 0,

respectively.
By considering the possible values of n over each congruence class

modulo 4, it is straightforward (although tedious) to show that

(2.8) θpnq “
3

4
n2 ´

1

4
n ´

$

’

&

’

%

1, n ” 0, 3 pmod 4q,

1{2, n ” 1 pmod 4q,

3{2, n ” 2 pmod 4q,

and

(2.9) γpnq “
3

4
n2 ´

1

4
n ´

$

’

&

’

%

1, n ” 0, 3 pmod 4q,

3{2, n ” 1 pmod 4q,

1{2, n ” 2 pmod 4q,

Likewise, considering congurence classes modulo 20 it also follows that

(2.10) δpnq “
15n2 ´ 7n

20
´

1

10

$

’

’

’

’

’

’

’

’

’

’

’

’

’

’

’

’

’

&

’

’

’

’

’

’

’

’

’

’

’

’

’

’

’

’

’

%

0, n ” 0, 5 pmod 20q,

2, n ” 8, 13 pmod 20q,

4, n ” 1, 16 pmod 20q,

5, n ” 10, 15 pmod 20q,

6, n ” 4, 9 pmod 20q,

7, n ” 3, 18 pmod 20q,

8, n ” 12, 17 pmod 20q,

9, n ” 6, 11 pmod 20q,

11, n ” 14, 19 pmod 20q,

13, n ” 2, 7 pmod 20q,

Firstly, consider that when t1 “ t2 “ 0, we have

PnpA; fq ! max
␣

Aδpnq, Aγpnq
(

.

Careful consideration of each congruence class modulo 20 for the
expressions in (2.10) and (2.9), we can see that δpnq ď γpnq for all
n ě 3 except for n “ 5. Hence we have overall that for t1 “ t2 “ 0,

PnpA; fq ! Aϕpnq
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where

ϕpnq “

$

’

’

’

&

’

’

’

%

17, n “ 5,

3n2{4 ´ n{4 ´ 1, n ” 0, 3 pmod 4q,

3n2{4 ´ n{4 ´ 3{2, n ‰ 5, n ” 1 pmod 4q,

3n2{4 ´ n{4 ´ 1{2, n ” 2 pmod 4q,

which is equivalent to

ϕpnq “
3

4
n2 ´

1

4
n ´

$

’

&

’

%

1, n ” 0, 3 pmod 4q,

3{2, n ” 1 pmod 4q and n ‰ 5,

1{2, n ” 2 pmod 4q or n “ 5,

“ βpnq ` λpnq

after extracting a common main term.
When t1 “ 0 and t2 ‰ 0, we have

PnpA; fq ! max
␣

Aθpnq, Aγpnq
(

,

and by comparing (2.8) against (2.9) we deduce that under these con-
ditions,

PnpA; fq ! Aψpnq

where

ψpnq “
3

4
n2 ´

1

4
n ´

#

1, n ” 0, 3 pmod 4q,

1{2, n ” 1, 2 pmod 4q.

“ βpnq ´ µpnq.

Finally, when t1 ‰ 0, we have
PnpA; fq ! max

␣

Aθpnq, Aωpnq
(

“ Aθpnq,

since θpnq ď ωpnq, and by (2.8) θpnq “ βpnq ´ νpnq.
From the relationship (2.2) between the coefficients of the character-

istic polynomial of X and trX and trX2, we note that t1 “ 0 if and
only if cn´1 “ 0 and t2 “ 0 if and only if 2cn´2 “ c2n´1. Putting this all
together concludes the proof. □

2.4. Proof of Theorem 2.2.

Proof. We continue from (2.4) in the proof of Theorem 1.1 under the
assumption that t2 “ 0, or equivalently that 2cn´2 “ c2n´1. As in that
proof, we have at most

A ! A
npn´1q

2

possibilites for the elements xi,j for 1 ď i ă j ď n.
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Then, solving for the elements on the main diagonal from (2.3), we
see that there are at most

F !

#

Atn
2 u, t1 “ 0,

Atn´1
2 u, t1 ‰ 0,

solutions by [1, Lemma 3.2] and [1, Lemma 3.3] respectively.
As we assumed that t2 “ 0, we can solve (2.4) for the remainder of

the elements of the matrix in
G ! Atnpn´1q

4
´ 1

2u

ways.
This leads to the overall bound of

#PnpA; fq “ AFG !

#

Atn
2 u`

npn´1q

2
`tnpn´1q

4
´ 1

2u, t1 “ 0,

Atn´1
2 u`

npn´1q

2
`tnpn´1q

4
´ 1

2u, t1 ‰ 0.

Simplification of this bound in the cases of interest, that is n ” 0, 1
pmod 4q when t1 ‰ 0 and just n “ 5 when t1 “ 0, leads to the claimed
result. □
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